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Abstract

Multiple Unmanned Aerial Vehicles (UAVs) have numerous applications in var-

ious areas such as surveillance, industrial automation, and disaster management

equipped with Leader follower configurations. Advance and robust control strate-

gies make sure the safety, reliability, and accuracy of the crucial task performed

by the Multiple UAVs. Multiple UAVs are governed by two separate controllers,

namely formation and trajectory tracking controllers respectively. A challenging

task was to design the controller under environmental effects, disturbances due to

wind, and parametric uncertainties. This thesis proposes a robust adaptive forma-

tion and trajectory tracking control of Multiple UAVs using a simple backstepping

controller, integral backstepping controller, and Super twisting sliding mode con-

troller (STSMC), also showing the comparison between them. All controllers are

tested using numerical simulations performed in MATLAB/Simulink. From the

results presented, it is verified that the integral backstepping controller shows no

chattering phenomena and shows minimum error in tracking the desired reference

trajectories in all dynamics of the UAV under wind disturbance.

keywords: Unmanned Aerial Vehicles, adaptive robust control, super twisting

sliding mode control, integral backstepping Control, trajectory control, formation

control
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Chapter 1

Introduction

1.1 Introduction

This research work proposes a robust adaptive formation and trajectory tracking

control of Multiple UAVs using a simple backstepping controller, integral back-

stepping controller, and Super twisting sliding mode controller (STSMC), also

showing the comparison between them.

The research done for this thesis has been presented in six sections. The first

section relates to the introduction, background history, and summary. The second

section relates to literature review, gap analysis, and problem statement. The

literature review entails locating, assessing, and synthesising relevant literature

on the topic. A gap analysis is the process of determining the difference between

the existing and intended level of knowledge. A gap analysis in the context of a

literature review entails identifying research projects that have not yet been done

or areas where there is a lack of knowledge. The third section relates to system

mathematical modeling and description. Modeling of a isingle iquad-copter and

itransnational idynamics of multiplei UAVs are the main objective of this section.

The fourth section includes the formation controller and trajectory controller for-

mulations. The fifth section relates to the comparative analysis and simulation

1
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Figure 1.1: History of drones balloons [40]

results for proposed different controllers. At the end, conclusions and future work

are mentioned.

1.1.1 Background

The concept of drones takes us back to 1849 when Austria attacked Venice using

an automated air balloon filled with explosives [40]. While the Austrian army

surrounded Venice, two hundred rounds of explosives were fired over the city.

With each ball weighing between twenty to thirty pounds, it caused a widespread

destruction with each impact on the city. Luckily for the Venetians, only one was

on the spot while the others were winded away as the strong wind currents changed

their course of impact.Although this military technology effort is groundbreaking,

the use of hot air balloons doesn’t really fit the profile of being called ”drones” let

alone, military drones, but it’s interesting to see how the military cavalry thought

of the basic concept of a drone more than 170 years ago, this mindset will drive

the evolution of drone technology for centuries and decades to come.
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Figure 1.2: Initial design of drone quad [40]

The most common feature that can be seen in modern - commercial drone designs

is their quad-copter configuration. It was the Breguet brother - Jacques and Louis

who came up with the early development technology of commercial drones in

1907. With the help of French Physiologist - Professor Charles Richet, the Breguet

brothers were able to develop an early example of the helicopter’s predecessor, the

autogyro. [40].

The design of Copter at the time was progressive. He made the first-ever vertical

lift of an aircraft. Sadly, it elevated only 0.6 meters high. There a total of four

people were needed for the stability of the structure so it was not considered a

free-flying structure. However, it has been shown that the quad-copter concept is

suitable for flying. More technical development will be needed to make it viable.

Commercial drones have been a very hot topic in the past decade. With increasing

interest in drones, more innovative and interactive have been playing their part in

the development of these drones. Prior to 2010 drones were specifically used for

military or personal purposes. Although with the new decades, new commercial

applications of drones have been proposed, including the use use of drone systems
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Figure 1.3: Modern day Quad-copter [40]

in vehicles. Seeing the popularity of drones being increased, The FAA issued a

license for the production of over 1000 drones by 2015 due to high market demand.

The market demand has grown three times since then and is growing exponentially

since then. Drones have made their way into the market by being infused with ev-

ery everyday use gadget. From photo-shoot cameras to aircraft and smartphones,

everything is embedded with drone technology.

1.1.2 Summary

Throughout history, swarming has been a military tactic. People of Scythians,

Bronze age, and even the Mongols and Turks of the early middle ages in groups

adopted variations of tactics. The armies of the steppe peoples consisted mainly

of lightly armed mounted archers. They were particularly effective against the

formations of the Western armies dominated by rigid infantry [41]. Rapid growth

in technology has led to the use of fixed-winged aircraft into a hobby. From

micro-controllers and accelerometers to camera sensors all have adapted to a sin-

gle technology. On top of that, recent achievements and development in drone
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technology, it has now made it possible to fly drones with four or more rotors by

simply adjusting the speed of every individual rotor.

These advancements in drone technology open up newer possibilities for multi-

rotor aircraft. Due to these achievements, these drones can be given more speed,

and stability and enhance their performance which makes them viable for use in

defense, aerial photography, isearch and irescue programs, oil subject imonitoring,

agriculture, and isuspended ifreight delivery. [1].

Some war theorists advocate swarming tactics as the next step in the evolution of

the military doctrine, a ”game-changer” that uses industry terminology. Building

a simple battlefield robot using an algorithm can mimic a swarm of bees or ants

with a great strategic advantage. Elements of swarm tactics have been used by

the military for thousands of years, but corps of automated vehicles could improve

these maneuvers and add a new dimension to warfare [41].



Chapter 2

Literature Review

2.1 Introduction

Formation flight consists of multiple UAVs maintaining the relative distance among

them during operation. In recent times, a lot of attention has been diverted

toward formation flights and their controllers. Because of the capability appli-

cations of drone technology in defensive enterprises, aerial photography, isearch

and irescue operations, ioil subject imonitoring projects, and iagricultural and

isuspended freight idelivery. [1]. Multiple UAVs cover more area with multiple

payloads as compared to single payload attached UAVs [2–6]. However, while fac-

ing uncertainties and disturbances during flight, it can be a very difficult challenge

to control multiple UAV formations. The quad-copters six degrees of Freedom non-

linear differential equations are modified around the transnational and rotational

dynamics [7–10].

Multiple formations can be achieved by formation controller, here in this thesis

inverted V shape formation is maintained, in which the leader is at the Vertex

of inverted V and two followers are at the tails of the inverted V. With the use

of isuitable icontrol schemes, the imodeling iuncertainties and the idisturbances

due to gust can be icompensated. This can be ensured with robust formation, to

compensate for the uncertainties and disturbances introduced at any time.

6
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2.2 Gap Analysis

To resolve the problems of the formation controller of the quadrotor, many re-

search efforts have been made. In [11], for multiple iUAVs generic iPID controller

with a isliding mode icontroller (SMC) is used. In [12] for the formation pattern,

a proportional derivative and the fuzzy logic system are proposed by the leader-

follower formation control. In [13–15], for formation control problems, the SMC

method is proposed for multiple UAVs.Multiple UAVs circular trajectory control

formation scheme is discussed in [16]. In [17], A prescribed controller, which en-

sures a robust formation pattern and trajectory is also designed to control the

formation of multiple UAVs. In [18] The controller does not leave any room for

errors or any delay in communication between multiple UAVs. Two UAVs trajec-

tory controller based on PI controller is presented in [19]. Likewise, a nonlinear

controller for multiple UAVs is discussed in [20]. Withi the use of a iprior-bounded

iintermediary icontroller idesign, it gives the iUAVs iorientation and control itrust

[21].

Similar to the prior-bounded intermediary controller, a non-linear controller also

plays a very isimilar role for imultiple UAVs using the igain-turning method [22,

23]. Using a itracking controlleri for the formation icontrol with an iattached

ipayload based on the iLyapunov function [24]. To address the formation and

tracking control of the quad-copters, a formation controller was designed which

overcame these problems by avoiding collision between multiple UAVs swarm [25].

An adaptive control algorithm is presented in [26]. External disturbances and

motion constraints for the swarm formation are discussed in [27]. ASTSMC and

STSMC controllers are used in leader-follower UAVs configuration with parametric

uncertainties and disturbances [38].

All of the work cited above directly reflects on different designs and methods used

for the formation of multiple UAVs. The background of the robust and non-linear

control system, itself shows its importance in the control system community today.

For uncertain systems, the robust control is designed with a bounded set [28]. Both

time and frequency domains are kept in the equation to design robust controllers.
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H∞ controller is designed in the frequency domain introduced in [28]. Later with

the use of Riccati equations [30], loop shaping [29], and Linear Matrix Inequalities

(LMIs) [31], H∞ many variations were reported. The control system performance

varies on certain parameters like loop gains, phase margins, settling time, rise time,

delay time, and overshoot percentage in the excitation signals. The state space

framework reveals the modern approach to designing a robust controller. The

Sliding Mode Controller has made its way into numerous applications in science

and technology, becoming the most widely used controller [32]. SMC variants such

as LMI based SMC [33], global sliding mode [34], higher-order SMC [35, 36], and

non-singular terminal SMC [37]. In [38] author proposed STSMC and ASTSMC

controllers for leader-follower configuration under uncertainties and disturbances.

The summary of the limitations of previous research are also shown at Table 2.1.

Table 2.1: Gap Analysis

Reference Authors, Year Proposed

Controller

Limitations

[11] Wua, F.; Chen,

J.; Liang, Y,

2017

Classical PID

control scheme

with a sliding

mode controller

(SMC)

A Classical PID control

scheme is used for multiple

quadrotors with a sliding

mode controller (SMC).

However, the PID-SMC

mentioned above does

not take disturbances and

communication delays be-

tween multiple UAVs into

consideration.
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[12] Abbas, R., Wu,

Q, 2015

Fuzzy Logic con-

troller

The author suggested the

use of leader-follower for-

mation controller using

the simple proportionality

derivative controller paired

with the fuzzy logic system.

Unfortunately, the above

controller did not consider

any uncertainties in the

equation.

[13] Khaled, A.G.;

Youmin, Z, 2015

Classical SMC A traditional SMC method

was taken into considera-

tion. However, what makes

this formation at fault is

that the SMC method of-

fers high-frequency chatter-

ing in the extinction signal

which in response, degrades

the life of actuators.

[26] Estevez, J.;

Grana, M., 2017

Adaptive control

algorithm

A model reference adaptive

control algorithm is pre-

sented for a swarm three

quadrotors. The gains of

the controller are turned on-

line. With this, the algo-

rithm of the system is able

to adapt to unexpected dis-

turbances. However, no ro-

bust investigation is carried

out in this method.
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[27] Liang, Y.; Dong,

Q.; Zhao, Y.,

2020

Adaptive Leader

Follower Forma-

tion Control

Adaptive control laws for

the formation of swarm

UAVs subject to movement

restrictions and unknown

external perturbations are

discussed.

[38] Mehmood, Y.;

Aslam, J.;Ullah,

N.; Chowdhury,

M.SK.; Alzaed,

A.N., 2021

STSMC and

ASTSMC Con-

trollers

The authors proposed

robust trajectory tracking

with parametric uncertain-

ties and disturbances for

quad and swam formation,

however, in the excitation

signals high-frequency

chattering is observed in

SMC methods as the life

of the actuators is drasti-

cally reduced by chattering

phenomena.

2.3 Problem Statement

The previously implemented method performed well based on the proposed design

but had some limitations or drawbacks as discussed in the literature review. Some

of the proposed controllers are highly complex models, do not consider uncer-

tainties, have time delays, have high-frequency chattering in the excitation signal,

are proposed only for attitude and position controllers, and are proposed only for

formation controllers.

Keeping all of these limitations into consideration my contribution would be

proposing an integral backstepping controller for the imultiple iUAVs flyingi the

ileader-follower iconfiguration under iwind idisturbances.
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2.4 Summary

A literature review is an essential part of any research endeavour since it helps

to obtain a thorough overview of the current information in field of study. The

literature review entails locating, assessing, and synthesising relevant literature

on the topic. A gap analysis is the process of determining the difference between

the existing and intended level of knowledge. A gap analysis in the context of

a literature review entails identifying research projects that have not yet been

done or areas where there is a lack of knowledge. This can aid in identifying

research areas that are most likely to make a substantial contribution to the field

of study. A problem statement is a clear and concise statement of the research

problem or objective that are trying to address. It clearly identify the research

question, the significance of the problem, and the scope of the research. This

chapter thoroughly covers all the above mentioned literature review, gap analysis,

and problem statement done for the process of this thesis.



Chapter 3

System Description and

Mathematical Modeling

Mathematical modeling transforms problems in the application domain into man-

ageable mathematical formulas by use of hypotheses and arithmetic analysis pro-

viding insights and useful recommendations for building applications. Mathemat-

ical modeling is useful in a variety of applications, providing precise strategies

for problem solving and systematic understanding of the modeled system. It also

enables better system design, control and efficient use of modern computing capa-

bilities.

3.1 Quad-copter Dynamic Model

Fig. 3.1 represents a UAV quad-copter with Earth coordinates RE (O,X, Y, Z).

UAV body coordinates are specified as RB (OB, XB, YB, ZB) without considering

the inertial coordinate system. let denote by m the mass of the UAV, g represent

the gravity acceleration, and from center of gravity to center of each rotor is

denoted by l. Whereas, ϕ, θ, and ψ represents the euler pitch, roll and yaw angles.

The following assumptions were made to construct the model.

12
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Figure 3.1: Quad-copter in inertial reference frame

Assumption 1: The UAV is assumed to be represented by a symmetric rigid

body configuration with mass m.

Assumption 2: The External acceleration disturbance will only affect each UAV’s

X and Y dynamics.

Assumption 3: External disturbances affect each UAV uniformly.

Based on the assumptions mentioned above, in the quad-copter UAV each motor

produces force Fi(i = 1, 2, 3, and 4) is proportional to the square of the angular

speed. As Fi is always positive then the quad-copter UAV motors will only turn

in only one direction.

The front right and rear left motors (M1 and M3) rotate in a counter-clockwise

direction, as the front left and rear right motors (M2 and M4) rotate in a clockwise

direction. In a properly trimmed flight, the Aerodynamic torques and gyroscopic

effects tend to cancel each other.

As F represents the total thrust which is the sum of the individual trusts of each

motor.

The quad-copter orientation is denoted by the rotational matrix R : RE → RB

depending upon the Euler angles resulting in the following equation:



System Description and Mathematical Modeling 14

R(ϕ, θ, ψ) =


cosψ cos θ sinϕ sin θ cosψ − sinψ cos θ cosϕ cos θ cosψ + sinψ sinϕ

sinψ cos θ sinϕ sin θ sinψ + cosψ cos θ cosϕ cos θ sinψ − sinϕ cosψ

− sin θ sinϕ cos θ cosϕ cos θ


(3.1)

The drag on the propellers and body of the quad-copter UAV and the thrust of the

rotors generate the external torques. Gyroscopic effects of motors also generate

moments that are to be considered. The ith rotor of quad-copter UAV thrust force

is formulated to be:

Fi =
1

2
ρΛCT r

2ωi
2 = bωi

2, (3.2)

where r and Λ represent the radius and section of the propeller, ρ represents the

air density, and CT represents the aerodynamic thrust coefficient.

The drag force at the propeller of the ith rotor and opposed motor torque cause

the aerodynamic drag torque which is defined as:

δi =
1

2
ρΛCDr

2ωi
2 = dωi

2 (3.3)

The CD represents the aerodynamic drag coefficient. The two constants d > 0 and

b > 0 depend upon the air density, as the drag, lift coefficient and the geometry

of the propellers are shown in Eq. 3.2 and 3.3. The pitching torque is a function

of the difference (F3 −F1), similarly, rolling and yawing torques are formulated as

follows:

τθ = l(F3 − F1) (3.4)

τϕ = l(F4 − F2) (3.5)
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τψ = C(F1 − F2 + F3 − F4) (3.6)

where C is the proportional coefficient. Due to the motion of the quad-copter UAV

body and the propellers, two gyroscopic resultant torques are produced, defined

below:

Mgp =
4∑
i=1

ΩΛ
[
0 0 Jr(−1)i+1ωi

]T
(3.7)

Mgp = ΩΛJΛ, (3.8)

where Ω represents the angular velocity vector in the earth’s fixed frame, the

control inputs formulated for the varying speed of the four rotors of the quad-

copter UAV, are shown as:

u =


u1

u2

u3

u4

 =


F

τϕ

τθ

τψ

 =


b b b b

0 −lb 0 lb

−lb 0 lb 0

d −d d −d




ω1

2

ω2
2

ω3
2

ω4
2

 (3.9)

From Eq. 3.9, the input u1 denotes the total thrust force on the quad-copter UAV

body in the z-axis, the inputs u2, u3 and u4 denote the rolling, pitching and yawing

torque, respectively.

Using the Newton-Euler formalism for dynamic modeling, the dynamic governing

equations of quad-copter appears as:

mζ̈ = Fth + Fd + Fg

JΩ̇ =M −Mgp −Mgb −Ma,

(3.10)
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Where Fth = R(ϕ, θ, ψ)
[
0, 0,

∑4
i=1 Fi

]T
represents the total thrust force of all

rotors, Fd = diag(k1, k2, k3)ζ̇
T represents the air drag force, Fg = [0, 0,mg]T

represents the gravitational force, M = [τϕ, τθ, τψ]
T represents the total rolling,

pitching and yawing torques, respectively, Mgb and Mgp represents the gyroscopic

torques and Ma = diag(k4, k5, k6)
[
ϕ̇2, θ̇2, ψ̇2

]T
represents the aerodynamic fric-

tional torque.

By putting the forces and position vector into Eq. 3.10 results in the transnational

and rotational dynamics of the quad-copter UAV which are expressed below:

Ẍi = U1i(cosψi sin θi cosϕi + sinψi sinϕi)
1

mQi

−DXi, (3.11)

Ÿi = U1i(sinψi sin θi cosϕi − cosψi sinϕi)
1

mQi

−DY i, (3.12)

Z̈i = g − U1i(cos θi cosϕi)
1

mQi

−DZi, (3.13)

ϕ̈i =
Iyi − Izi
Ixi

θ̇iψ̇i + U2i
li
Ixi

− Jri
Ixi
θ̇iΩri −Dϕi, (3.14)

θ̈i =
Izi − Ixi
Iyi

ϕ̇iψ̇i + U3i
li
Iyi

− Jri
Iyi
ϕ̇iΩri −Dθi, (3.15)

and,

ψ̈i =
Ixi − Iyi
Izi

ϕ̇iθ̇i + U4i
li
Izi

−Dψi (3.16)

Eq. 3.11-3.16 represent the overallimathematical model of the UAV quad-copter,

where i is an i indication for [L, f ], where f = [F1, F2]. The subscript iL is an

indication for the Leader UAV, while F1 and F2 indicates the ifollower 1 and 2,

respectively.

Now are are ready to display the error dynamics for the formation control.



System Description and Mathematical Modeling 17

Figure 3.2: Leader-Follower configuration

3.2 Formation Error Dynamic Model

The overall dynamics model is shown in Eq. 3.11-3.16. Fig. 3.2 and 3.3 repre-

sents the leader-follower configuration of Multiple quad-copters. The transnational

dynamics are defined as,

Ẋi = VXi cos(ψi)− VY i sin(ψi) (3.17)

and,

Ẏi = VXi sin(ψi) + VY i cos(ψi) (3.18)

and the angular error dynamics are,

ψ̇L = ωL (3.19)



System Description and Mathematical Modeling 18

Figure 3.3: Block diagram

In iinertial frame iVXi and VY i represents iX and Y idirectional velocities. As-

suming the ifollower UAV imaintains a distance of idXf and dY f in the iX and Y

iplanes, respectively, from the ileading UAV. Mathematically, idXf and dY f are

iexpressed as follows:

dXf = − sin(ψL)(YL − Yf )− cos(ψL)(XL −Xf ) (3.20)

and,

dY f = − cos(ψL)(YL − Yf )− sin(ψL)(XL −Xf ) (3.21)

where idXf = di cos(ϕ), idY f = di sin(ϕ) and Xf = [XF1, XF2]. On the other hand,

the ψ ierror idynamics is defined as : eψ = ψf−ψL. iTaking the 1st time derivative
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of Eq. 3.20 and 3.21 and then computing along Eq. 3.17 and 3.18 iresults in the

following equations:

ḋXf = dY fωL − VY f sin(eψ) + VXf cos(eψ)− VXL (3.22)

ḋY f = −dXfωL + VY f cos(eψ) + VXf sin(eψ)− VY L (3.23)

where VY L, VXf , and VY f irepresents velocities in ilongitudinal and ilateral regions

of the ileader UAV and its respective follower UAVs as follower 1, and follower 2.

The error equation between regional dynamics of lateral and longitudinal Eq. 3.22

and 3.23 is shown below:

Ẋ = F (X) +G(X)v (3.24)

where, X =


eXf

eY f

eψ

 , Ẋ =


˙eXf

˙eY f

ėψ

 , v =


VXf

VY f

ωF

 are position, velocity, and control

input vectors. In addition iF (X) and iG(X) are inonlinear vector fields which are

explained as:

F (X) =


eY fωL + VXL − ωLd

d
Y f

−eXfωL + VY L − ωLd
d
Xf

eψ

 (3.25)

G(X) =


− cos(eψ) sin(eψ) 0

− sin(eψ) − cos(eψ) 0

0 0 1

 (3.26)
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It is important to report that the reference trajectories for the followers’ UAVSs

are:

Xdf = XL − dY f sin(ψL)− dXf cos(ψL) (3.27)

Ydf = YL − dY f cos(ψL)− dXf sin(ψL) (3.28)

Now, the mismatch between the reference trajectories ad the actual trajectories

of the quad-copters can be defined as eXf = ddXf − dXf and eY f = ddY f − dY f . The

detailed formation error dynamics are presented. Now it is suitable to summarize

the chapter.

3.3 Summary

Quad-copters are indeed considered under-actuated systems, meaning that there

are fewer control inputs than degrees of freedom. This can make them challeng-

ing to model and control, as there are not enough inputs to directly control all

the states of the system. Modeling an under-actuated quad-copter requires a de-

tailed understanding of the system’s dynamics, including the effects of aerodynam-

ics, propulsion, and actuator dynamics. The model should take into account the

nonlinearities that arise from the system’s under-actuation, such as the coupling

between different states and the constraints on the control inputs. In addition,

modeling an under-actuated quad-copter also requires taking into account the

physical limitations and constraints of the system, such as the maximum rotor

speed, the maximum torque and thrust produced by the rotors, and the maximum

tilt angles of the aircraft. This chapter briefly explains the overall transnational

and rotational dynamic modeling of the quad-copter under mentioned assump-

tions. Furthermore, the formation flight controller and its transnational dynamics

have also been addressed to follow up the swarm formation in the inverted V style.



Chapter 4

Formation and Trajectory

Controller Formation

In this section, first, all the formulations of formation and trajectory controllers are

designed accordingly to ASTSMC, then second accordingly to the backstepping

controller, and finally third accordingly to the Integral backstepping controller.

4.1 Adaptive iSuper iTwisting iSliding Mode Con-

troller

4.1.1 Leader UAV iControl Formulation

Before ideriving any control scheme, the ifollowing assumptions are made:

Assumption 4: the ifollowing condition is true for the iuncertainty terms:

∥DXi∥ ⩽ ∆1i ; ∥DY i∥ ⩽ ∆2i ; ∥DZi∥ ⩽ ∆3i ; ∥Dϕi∥ ⩽ ∆4i ; ∥Dθi∥ ⩽ ∆5i ;

∥Dψi
∥ ⩽ ∆6i

where, i∆1i,∆2i,∆3i,∆4i,∆5i,∆6i denotes the iupper bound of the iuncertainties.

21
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In this section, considering [38] using the iadaptive super twisting isliding mode

control method the iattitude, altitude, and iposition controllers are idesigned.

4.1.1.1 Attitude Control

For the leader UAV, let the desired iEuler angle icommands be set as ϕdL, θdL, ψdL,

then iaccordingly to these desired icommands let the phi desired sliding manifold:

SϕL = k1eϕL + k2 ˙eϕL (4.1)

where, SϕL , k1, k2 and ϕL denotes the sliding surface, design constants and loop

error dynamics for ϕL loop. Where eϕL = ϕL− ϕdL, ˙eϕL = ϕ̇L− ˙ϕdL. iTaking First

order iderivative with irespect to time of Eq. 4.1 results in,

˙SϕL = k1 ˙eϕL + k2 ¨eϕL (4.2)

After combining Eq. 4.2 and 3.14 expressed as follows:

˙SϕL = k1 ˙eϕL + k2

[
IyL − IzL
IxL

θ̇Lψ̇L + U2L
lL
IxL

− JrL
IxL

θ̇LΩrL −DϕL − ϕ̈dL

]
(4.3)

Let a1L =
IyL−IzL
IxL

, a2L = JrL
IxL
, b1L = lL

IxL
, then Eq. 4.3 becomes:

˙SϕL = k1 ˙eϕL + k2

[
a1Lθ̇Lψ̇L + U2Lb1L − a2Lθ̇LΩrL −DϕL − ϕ̈dL

]
(4.4)

Then the equivalent and switching control law using the super twisting algorithm

for the ϕL loop is shown below:

U2Le =
1

b1L

(
−k1
k2

˙eϕL − a1Lθ̇Lψ̇L + a2Lθ̇LΩrL + ϕ̈dL

)
(4.5)
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U2Ls = −ks1
b1L

|SϕL|
0.5sgn(SϕL)−

ks2
b1L

∫
sgn(SϕL) (4.6)

From Eq. 4.5 and 4.6, the total control action leads to the following expression:

U2L = U2Le + U2Ls (4.7)

Similarly, θL and ψL loops the sliding surfaces for pitch and yaw controllers are

defined as follows:

SθL = k3eθL + k4 ˙eθL (4.8)

SψL
= k5eψL

+ k6 ˙eψL
(4.9)

Now for Eq. 4.8 and 4.9 working for controller is shown below:

U3Le =
1

b2L

(
−k3
k4

˙eθL − a3Lϕ̇Lψ̇L + a4Lϕ̇LΩrL + ¨θdL

)
(4.10)

U3Ls = −ks3
b2L

|SθL|
0.5sgn(SθL)−

ks4
b2L

∫
sgn(SθL) (4.11)

U4Le =
1

b3L

(
−k5
k6

˙eψL
− a5Lϕ̇Lθ̇L + ψ̈dL

)
(4.12)

U4Ls = −ks5
b3L

|SψL
|0.5sgn(SψL

)− ks6
b3L

∫
sgn(SψL

) (4.13)

Where, a3L = IzL−IxL
IyL

, a4L = JrL
IyL
, b2L = lL

IyL
, a5L =

IxL−IyL
IzL

, b3L = lL
IxL

, and k1, k2, k3,

k4, k5, k6, ks1, ks2, ks3, ks4, ks5, ks6 denotes controllers and sliding surface gains. Also,
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error dynamics for θL and ψL loops are defined as, eθL = θL− θdL, ˙eθL = θ̇L− ˙θdL,

eψL
= ψ − ψdL, ˙eψL

= ψ̇L − ˙ψdL.

Theorem 1. Attitude dynamics states in Eq. 3.14-3.16 will icoincide to the

iorigin in ifinite time [39] using proposed controllers of Eq. 4.5-4.13.

Proof. Accordingly to theorem 1, stability proof of ϕL is derived.

The same procedures can also be used for the other two iattitude dynamics iθL

and iψL. Eq. 4.6 can also be adjust accordingly to this equation:

U2Ls = −ks1
b1L

|SϕL|0.5sgn(SϕL) + vϕL (4.14)

As, vϕL is composed from the following equation: ˙vϕL = ks2
b1L
sgn(SϕL). By merging

Eq. 4.14 and 4.5 into 4.4 results into following expression:

˙SϕL = −ks1
b1L

|SϕL|
0.5sgn(SϕL) + vϕL −DϕL (4.15)

˙vϕL =
ks2
b1L

sgn(SϕL) (4.16)

For ϕ loop dynamics let the Lyapunov function :

VϕL = 2λ2|SϕL|+ 0.5vϕL
2 + 0.5

(
λ1|SϕL|

0.5sgn(SϕL)− vϕL
)2

(4.17)

Where, λ1 =
ks1
b1L

and λ2 =
ks2
b1L

.

New state vector is defined as follows: ηϕL
T =

[
|SϕL|

0.5sgn(SϕL) vϕL

]
. Defining

Matrix PϕL =

4λ2 + λ2 −λ

−λ 2

 and then the Lyapunov function is modified as

follows: VϕL = ηϕL
TPηϕL . First order derivative with respect to time of the

Lyapunov function with Eq. 4.16 formulates the following expression:
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˙VϕL = − 1

|SϕL|
0.5ηϕL

TQηϕL +∆4LqϕL
TηϕL (4.18)

Where, QϕL = λ1
2

2λ2 + λ1
2 −λ1

−λ1 1

 and qϕL
T =

(
2λ2 +

1
2
λ1

2 − 1
2
λ1
)
. Under con-

sidering assumption 4 Eq. 4.18 will be simplified as follows:

˙VϕL = − λ1

2|SϕL|
0.5ηϕL

TQϕL
∽ηϕL (4.19)

Where, QϕL
∽ =

2λ2 + λ1
2 −

(
4λ2
λ1

+ λ1

)
∆4L −λ1 + 2∆4L

−λ1 + 2∆4L 1

. If QϕL
∽ > 0 then

Eq. 4.19 is negative definite, also if λ1 > 2∆4L, λ2 > λ1
5∆4Lλ1+4∆4L

2

2(λ1−2∆4L)
, then Q∽ > 0

and ˙VϕL < 0.

Remark 1. Using procedures adopted in [39] A proof of the convergent nature can

be obtained in a finite amount of time.

4.1.1.2 Altitudei and iPosition iControl

Initially, the iUAV quad-copter ialtitude controli system is iderived, then iusing

a itransformation imatrix the iposition controllersi are calculated. The isliding

manifoldi for the idesired altitude ZdL is expressed below:

SZL
= k7eZL

+ k8 ˙eZL
(4.20)

Where, ik7 and k8 depicts the idesign constants. The ierror calculated is as follows:

ieZL
= ZL−ZdL, i ˙eZL

= ŻL− ˙ZdL. Taking the ifirst order iderivative with respect

to time of Eq. 4.20 leads to the following equation:

˙SZL
= k7 ˙eZL

+ k8 ¨eZL
(4.21)
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Merging Eq. 4.21 and 3.13 gives us:

˙SZL
= k7 ˙eZL

+ k8

[
g − U1L(cos θL cosϕL)

1

mQL

−DZL − Z̈dL

]
(4.22)

Making use of the super itwisting SMC theory, the ileader UAV altitude icontroller

is formulated as below:

UZL
= −k7

k8
˙eZL

+ Z̈dL − ks7
k8

|SZL
|0.5sgn(SZL

)− ks8
k8

∫
sgn(SZL

) (4.23)

U1L =
mQL

cos θL cosϕL

[
g −

(
−k7
k8

˙eZL
+ Z̈dL − ks7

k8
|SZL

|0.5sgn(SZL
)− ks8

k8

∫
sgn(SZL

)

)]
(4.24)

Where, iUZL
= Z̈L = g − (cos θL cosϕL)

U1L

mQL
represents the ivirtual control law.

Using the same iconcepts presented for the iϕ loop, altitude istability proof is

derived. To derive the XY controllers, let:

UXL = U1L(sinψL sinϕL + cosψL sin θL cosϕL)
1

mQL

(4.25)

UY L = U1L(− cosψL sinϕL + sinψL sin θL cosϕL)
1

mQL

(4.26)

Eq. 3.11 and 3.12 are altered for the leader UAV which are expressed below:

ẌL = UXL −DXL (4.27)

ŸL = UY L −DY L (4.28)
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Sliding manifolds for the leader UAV position loop can be expressed in the follow-

ing form:

SXL
= k9eXL

+ k10 ˙eXL
(4.29)

SYL = k11eYL + k12 ˙eYL (4.30)

Where, ik9, k10, k11, k12 denotes the design iconstants and the error idynamics are

expressed as follows: ieXL
= XL − XdL, i ˙eXL

= ẊL − ˙XdL, ieYL = YL − YdL,

i ˙eYL = ẎL− ˙YdL. Taking ifirst order iderivative with respect to time of Eq. 4.29 and

4.30, then icombining it with Eq. 4.27 and 4.28 formulates to following equation:

˙SXL
= k9 ˙eXL

+ k10[UXL −DXL − ẌdL] (4.31)

˙SYL = k11 ˙eYL + k12[UY L −DY L − ¨YdL] (4.32)

From Eq. 4.31 and 4.32 following ivirtual controllers iUXL and iUY L are derived:

UXL =

(
ẌdL − k9

k10
˙eXL

− ks9
k10

|SXL
|0.5sgn(SXL

)− ks10
k10

∫
sgn(SXL

)

)
(4.33)

UY L =

(
¨YdL − k11

k12
˙eYL − ks11

k12
|SYL|

0.5sgn(SYL)−
ks12
k12

∫
sgn(SYL)

)
(4.34)

Using same concepts presented for ϕ loop, the ˙SXL
and ˙SYL are expressed as

following:

˙SXL
= −ks9

k10
|SXL

|0.5sgn(SXL
) + vXL

−DXL (4.35)
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˙vXL
=
ks10
k10

sgn(SXL
) (4.36)

˙SYL = −ks11
k12

|SYL|
0.5sgn(SYL) + vYL −DY L (4.37)

˙vYL =
ks12
k12

sgn(SYL) (4.38)

Where, ˙vXL
= −ks10

k10
sgn(SXL

), and ˙vYL = −ks11
k12
sgn(SYL). For X and Y loop

dynamics let the Lyapunov functions be:

VXL
=

1

2
vXL

2 + 2λ10|SXL
|+ 1

2

(
λ9|SXL

|0.5sgn(SXL
)− vXL

)2
(4.39)

VYL =
1

2
vYL

2 + 2λ12|SYL|+
1

2

(
λ11|SYL|

0.5sgn(SYL)− vYL
)2

(4.40)

Where, λ9 = ks9
k10

, λ10 = ks10
k10

, λ11 = ks11
k12

, λ12 = ks12
k12

. The new state vec-

tors can be defined as follows: iηXL
T =

[
i|SXL

|0.5sgn(SXL
) ivXL

]
; ηY L

T =[
i|SYL|

0.5sgn(SYL) ivYL

]
. Following icreative imatrices are idefined as: iPXL =4λ10 + λ9

2 i− λ9

−λ9i 2

; PY L =

4λ12 + λ11
2 i− λ11

−λ11i 2

 and then the iLyapunov

function is modified as follows: VXL
= ζ1ηXL

TPXLηXL + DXL
TDXL ; VYL =

ζ2ηY L
TPY LηY L + DY L

TDY L. First order derivative with irespect to time of the

Lyapunov function along Eq. 4.35-4.38 yields the following relation [45]:

˙VXL
= −ζ1

1

|SXL
|0.5

ηXL
TQXLηXL + ζ1DXLqXL

TηXL +DXL
T ˙DXL (4.41)

˙VYL = −ζ2
1

|SYL|
0.5ηY L

TQY LηY L + ζ2DY LqY L
TηY L +DY L

T ˙DY L (4.42)
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Where iQXL = λ9
2

2λ10 + λ9
2i i− λ9

−λ9i i1

; QY L = λ11
2

2λ12 + λ11
2i i− λ11

−λ11i i1

 and

iqXL
T = (2λ10+ i

1
2
λ9

2− i1
2
λ9); qY L

T = (2λ12+ i
1
2
λ11

2− i1
2
λ11). As iDXL and DY Li

are iscalar iquantities so iDXL
T = DXLi and DY L

T = DY Li, then iadaptive ilaws

are iformulated:

˙DXL = −ζ1qXLTηXL (4.43)

˙DY L = −ζ2qY LTηY L (4.44)

Where, ζ1 and ζ2 denotes the adaptation gains. Accordingly to Assumption 4,

and by combining Eq. 4.41-4.42 with Eq. 4.43-4.44 yields the following simplified

expressions as follows [39]:

˙VXL = − λ9

2|SXL
|0.5

ηXL
TQXL

∽ηXL (4.45)

˙VY L = − λ11

2|SYL|
0.5ηY L

TQXL
∽ηY L (4.46)

Where iQXL
∽ =

i2λ10 + λ9
2 −

(
4λ10
λ9

+ λ9

)
E∆1L i− λ9 + 2E∆1Li

−λ9 + 2E∆1Lii 1i

 and iQY L
∽ =2λ12 + λ11

2 −
(

4λ12
λ11

+ λ11

)
E∆2Li i− λ11 + 2E∆2Li

−λ11 + 2E∆2Li 1i

. i ˙VXLi and i ˙VY L are inegative

idefinite only if QXL
∽ > 0 and QY L

∽ > 0. If gains isatisfy the ifollowing icriteria

iλ9 > 2E∆1Li, iλ10 > λ9
5E∆1Lλ9+4E∆1L

2

2(λ9−2E∆1L)
; λ11 > 2E∆2L, λ12 > λ11

5E∆2Lλ11+4E∆2L
2

2(λ11−2E∆2L)
,

then QXL
∽ > 0 ; QY L

∽ > 0 and ˙VXL < 0 ; ˙VY L < 0. Where E∆1L =

DXLestimated
− DXL and E∆2L = DY Lestimated

− DY L denotes the iestimation er-

ror of the iadaptive loops.
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UXL and UY L are the virtual controllers for the desired reference trajectories of

ϕdl and θdl:

UXLmQL

U1L

= cosψL sin θL cosϕL + sinϕL sinψL (4.47)

UY LmQL

U1L

= sinψL sin θL cosϕL − sinϕL cosψL (4.48)

Multiplying Eq. 4.47 with sinψ and Eq. 4.48 with cosψ, then the idifference

between the obtained equations leads to the following equation:

UXLmQL

U1L

sinψ − UY LmQL

U1L

cosψ = sinϕdL (4.49)

From Eq. 4.49 the ireference command for iϕ loop as follows:

ϕdL = isin−1

[
UXLmQLi

U1L

sinψ − UY LmQL

U1Li
cosψ

]
(4.50)

Multiplying Eq. 4.47 with icosψ and Eq. 4.48 by sinψ, then adding the iresulting

iequations formulates to the following equation:

UXLmQL

U1L

cosψ +
UY LmQL

U1L

sinψ = sin θdL cosϕL (4.51)

Squaring Eq. 4.49 and putting sinϕL
2 = 1 − cosϕL

2 formulate to the following

equation:

cosϕdL =

√
1−

[
UXLmQL

U1L

sinψ − UY LmQL

U1L

cosψ

]2
(4.52)

Putting Eq. 4.52 in Eq. 4.51 iformulates the reference command for θ loop:
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θdL = sin−1i

 UXLmQL

U1L
cosψi+

UY LmQL

U1L
sinψi√

1−
[
UXLmQL

U1L
sinψ − UY LmQLi

U1Li
cosψ

]2
 (4.53)

4.1.2 Leader iFollowers iFormation Control

The sliding surface for the irequired trajectory of the followers’ UAVs can be

formulated as follows:

SXf
= Xf + λ

∫
Xf (4.54)

Where λ denotes the sliding surface gain matrix. Taking first order derivative with

respect to time of Eq. 4.54 and combining it with Eq. 3.24 yields the following

expression:

˙SXf
= F (Xf ) +G(Xf )vf + λXf (4.55)

The followers’ UAVs desired lateral and longitudinal velocities are formulated as

follows:

vfe = G(Xf )
−1[−F (Xf )− λXf ] (4.56)

vfs = −η1|SXf
|0.5sgn(SXf

)− η2

∫
sgn(SXf

) (4.57)

To ensure stability, the same procedure as for the attitude loops is applied here.



Formation and Trajectory Controller Formation 32

4.1.3 Followers UAV Controllers Formulation

As the reference position trajectories are generated by Eq. 3.27 and 3.28 then

governed by the formation controller mentioned in Eq. 4.56 and 4.57. For the

rest of the followers’ UAVs, the analysis and derivation are the same as the leader

UAV. Simplified endmost control laws are mentioned, let the sliding manifolds for

attitude be expressed as follows:

Sϕf = k1feϕf + k2f ˙eϕf (4.58)

Sθf = k3feθf + k4f ˙eθf (4.59)

Sψf
= k5feψf

+ k6f ˙eψf
(4.60)

Where, if = [F1, F2] as F1 and F2 represents the ifollower 1 and ifollower 2 iUAVs

respectively. Also k1f , k2f , k3f , k4f , k5f , k6f denotes the sliding surface design

constants for followers UAV. Where eϕf = ϕf −ϕdf ; eθf = θf − θdf ; eψf
= ψf −ψdf .

Similarly iattitude and position sliding manifolds are iexpressed as follows:

SZf
= k7feZf

+ k8f ˙eZf
(4.61)

SXf
= k9feXf

+ k10f ˙eXf
(4.62)

SYf = k11feYf + k12f ˙eYf (4.63)

Where, k7f , k8f , k9f , k10f , k11f , k12f denotes the sliding surface design constants

for followers UAV. Where eZf
= Zf −Zdf ; eXf

= Xf −Xdf ; eYf = Yf −Ydf . Usingi
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the same iprocedures iadopted for iattitude, ialtitude, and iposition, controllersi

for the ifollowers iUAVs are iformulated as ifollows:

U2fe =
1

b1f

(
−k1f
k2f

˙eϕf − a1f θ̇f ψ̇f + a2f θ̇fΩrf + ϕ̈df

)
(4.64)

U2fs = −ks1f
b1f

|Sϕf |0.5sgn(Sϕf )−
ks2f
b1f

∫
sgn(Sϕf ) (4.65)

U3fe =
1

b2f

(
−k3f
k4f

˙eθf − a3f ϕ̇f ψ̇f + a4f ϕ̇fΩrf + θ̈df

)
(4.66)

U3fs = −ks3f
b2f

|Sθf |
0.5sgn(Sθf )−

ks4f
b2f

∫
sgn(Sθf ) (4.67)

U4fe =
1

b3f

(
−k5f
k6f

˙eψf
− a5f ϕ̇f θ̇f + ψ̈df

)
(4.68)

U4fs = −ks5f
b3f

|Sψf
|0.5sgn(Sψf

)− ks6f
b3f

∫
sgn(Sψf

) (4.69)

U1f =
mQf

cos θf cosϕf

[
g −

(
−k7f
k8f

˙eZf + Z̈df −
ks7f
k8f

|SZf |0.5sgn(SZf )−
ks8f
k8f

∫
sgn(SZf )

)]
(4.70)

UXf =

(
Ẍdf −

k9f
k10f

˙eXf −
ks9f
k10f

|SXf |0.5sgn(SXf )−
ks10f
k10f

∫
sgn(SXf )

)
(4.71)

UY f =

(
Ÿdf −

k11f
k12f

˙eY f −
ks11f
k12f

|SY f |0.5sgn(SY f )−
ks12f
k12f

∫
sgn(SY f )

)
(4.72)
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˙DXf = ζ1fSXf
(4.73)

˙DY f = ζ2fSYf (4.74)

ϕdf = sin−1

[
UXfmQf

U1f

sinψ − UY fmQf

U1f

cosψ

]
(4.75)

θdf = sin−1

 UXfmQf

U1f
cosψ +

UY fmQf

U1f
sinψ√

1−
[
UXfmQf

U1f
sinψ − UY fmQf

U1f
cosψ

]2
 (4.76)

4.2 Integral Backstepping Controller

In this section, we will formulate the integral backstepping controller only on the

position controller to check the robustness of the controller. To easily implement a

backstepping control strategy, the acquired mathematical model is converted into

the state space form:

Ẋi = f(Xi, Ui) (4.77)

Where, i is an index representing [L, f ], as f = [F1, F2]. The subscript L denotes

the Leader UAV, while F1 and F2 denote Follower 1 and 2 respectively. Here,

Xi, Ui denotes the state vector and input vector.

Xi = [ϕi ϕ̇i θi θ̇i ψi ψ̇i zi żi xi ẋi yi ẏi]
T

(4.78)

State vector can also be written as:
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Xi = [x1i x2i x3i x4i x5i x6i x7i x8i x9i x10i x11i x12i] (4.79)

Where control inputs cn be written as:

Ui = [U1i U2i U3i U4i] (4.80)

From Eq. 4.77-4.79 and Eq. 3.11-3.16 state space model is modified as follows:

ẋ1i = x2i (4.81)

ẋ2i = c1ix4ix6i − c2ix4iΩri + d1iU2i (4.82)

ẋ3i = x4i (4.83)

ẋ4i = c3ix2ix6i − c4ix2iΩri + d2iU3i (4.84)

ẋ5i = x6i (4.85)

ẋ6i = c5ix2ix4i + d3iU4i (4.86)

ẋ7i = x8i (4.87)

ẋ8i = g − (cosx3i cosx1i)
U1i

mQi

(4.88)
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ẋ9i = x10i (4.89)

˙x10i = (sinx5i sinx1i + cosx5i sinx3i cosx1i)
U1i

mQi

(4.90)

˙x11i = x12i (4.91)

˙x12i = (− cosx5i sinx1i + sinx5i sinx3i cosx1i)
U1i

mQi

(4.92)

Where, c1i =
Iyi−Izi
Ixi

, c2i = Jri
Ixi

, d1i = li
Ixi

; c3i = Izi−Ixi
Iyi

, c4i = Jri
Iyi

, d2i = li
Iyi

;

c5i =
Ixi−Iyi
Izi

, d3i =
li
Izi
.

4.2.1 Leader iUAV iControl iFormulation

In this section, using the integrali backstepping control method the attitude, alti-

tude, and position controllers for leader UAVs are designed.

4.2.1.1 Attitude Control

For Eq. 4.81 and 4.82, for ϕ loop of the UAV leader let the positive definite

iLyapunov function be as follows:

V (e1L) =
1

2
e1L

2 (4.93)

Where, e1L = x1dL− x1L. Taking first order derivative with respect to time of Eq.

4.93 yields the following expression:

V̇ (e1L) = e1L ˙e1L (4.94)
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V̇ (e1L) = e1L( ˙x1dL − x2L) (4.95)

The system is guaranteed to be a stable system [29] if the time derivative of a

positive definite Lyapunov function is negative semi-definite accordingly to the

Krsovskii-LaSalle principle. Stability of e1L is obtained by virtual control input

x2L.

x2L = ˙x1dL + k1Le1L(k1L > 0) (4.96)

Augmented Lyapunov function is expressed as follows:

V (e1L, e2L) =
1

2
(e1L

2 + e2L
2) (4.97)

Where, e2L = x2L − ˙x1dL − k1Le1L. Taking first order derivative with respect to

time of Eq. 4.97 yields the following expression:

V̇ (e1L, e2L) = e1L ˙e1L + e2L ˙e2L (4.98)

V̇ (e1L, e2L) = e1L( ˙x1dL − x2L) + e2L( ˙x2L − ¨x1dL − k1L ˙e1L)

V̇ (e1L, e2L) = e1L( ˙x1dL − x2L) + e2L[c1ix4ix6i − c2ix4iΩri + d1iU2i

− ¨x1dL − k1L( ˙x1dL − ˙x1L)] (4.99)

Rearranging and using e2L + k1Le1L = x2L − ˙x1dL yields the following expression:
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V̇ (e1L, e2L) = e2L(c1Lx4Lx6L+d1LU2L−ΩrLc2Lx4l)−e2l ( ¨x1dL − k1L(e2L + k1Le1L))

− e1Le2L − k1Le1L
2 (4.100)

The control input U2L is derived from Eq. 4.100 satisfying ˙V (e1L, e2L) < 0.

U2L =
1

d1L
[e1L − x4Lx6Lc1L − x4Lc2LΩrL − c1L(e2L + k1Le1L)− k2Le2L] (4.101)

Where, k1L, k2L are positive design constants. Similarly, the same procedure

adopted for θ and ψ loop of Leader UAV, formulated controllers are expressed

as below:

U3L =
1

d2L
[e3L − x2Lx6Lc3L − x2Lc4LΩrL − c3L(e4L + k3Le3L)− k4Le4L] (4.102)

U4L =
1

d3L
[e5L − x2Lx4Lc5L − c5L(e6L + k5Le5L)− k6Le6L] (4.103)

Where, e3L = x3dL − x3L, e4L = x4L − ˙x3dL − k3Le3L; e5L = x5dL − x5L, e6L =

x6L − ˙x5dL − k5Le5L. Also k3L, k4L, k5L, k6L are positive design constants.

4.2.1.2 iAltitude and iPosition Control

The altitude control system is derived first, then iposition controllers are formu-

lated using a transformation matrix. For Eq. 4.87 and 4.88, for desired altitude

of the UAV leader let the positive definite iLyapunov function be as follows:
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V (e7L) =
1

2
e7L

2 (4.104)

Where, e7L = x7dL− x7L. Taking first order derivative with respect to time of Eq.

4.104 yields the following expression:

V̇ (e7L) = e7L ˙e7L (4.105)

V̇ (e7L) = e7L( ˙x7dL − x8L) (4.106)

The system is guaranteed to be a stable system [29] if the time derivative of a

positive definite Lyapunov function is negative semi-definite accordingly to the

Krsovskii-LaSalle principle. Stability of e7L is obtained by virtual control input

x8L.

x8L = ˙x7dL + k7Le7L(k7L > 0) (4.107)

Augmented Lyapunov function is expressed as follows:

V (e7L, e8L) =
1

2
(e7L

2 + e8L
2) (4.108)

Where, e8L = x8L − ˙x7dL − k7Le7L. Taking first order derivative with respect to

time of Eq. 4.108 yields the following expression:

V̇ (e7L, e8L) = e7L ˙e7L + e8L ˙e8L (4.109)

V̇ (e7L, e8L) = e7L( ˙x7dL − x8L) + e8L( ˙x8L − ¨x7dL − k7L ˙e7L)
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V̇ (e7L, e8L) = e7L( ˙x7dL − x8L) + e8L[g − (cosx3L cosx1L)
U1L

mQL

− ¨x7dL

− k7L( ˙x7dL − ˙x7L)] (4.110)

Rearranging and using e8L + k7Le7L = x7L − ˙x7dL yields the following expression:

V̇ (e7L, e8L) = e8L

(
(cosx3L cosx1L)

U1L

mQL

)
− e8L ( ¨x7dL − k7L(−e8L − k7Le7L))

− e7Le8L − k7Le7L
2 (4.111)

The control input U1L is derived from Eq. 4.111 satisfying ˙V (e7L, e8L) < 0.

U1L =
mQL

cosx3L cosx1L
[−e7L + g + k7L(e8L + k7Le7L) + k8Le8L] (4.112)

Where, k7L, k8L are positive design constants. To derive the XY controllers, let:

UXL = i sinx5L sinx1L + i cosx5L sinx3L cosx1L (4.113)

UY L = i− cosx5L sinx1L + i sinx5L sinx3L cosx1L (4.114)

Modified Eq. 4.90 and 4.92 expressions as follows:

˙x10L = UXL
U1L

mQi

(4.115)

˙x12L = UY L
U1L

mQi

(4.116)
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Using the same iprocedure adopted for attitude and altitude loop of Leader UAV,

formulated iposition controllers UXL and UY L of Leader UAV are shown below:

UXL =
mQL

U1L

[e9L − k9L(e10L + k9Le9L)− k10Le10L] (4.117)

UY L =
mQL

U1L

[e11L − k11L(e12L + k11Le11L)− k12Le12L] (4.118)

Where, e9L = x9dL − x9L, e10L = x10L − ˙x9dL − k9Le9L; e11L = x11dL − x11L,

e12L = x12L − ˙x11dL − k11Le11L. Also k9L, k10L, k11L, k12L are positive design

constants. Modified formulated position controller Eq. 4.117 and 4.118 with

integral part to enhance its robustness and stability properties are expressed as

below:

UXL =
mQL

U1L

[e9L − k9L(e10L + k9Le9L)− k10Le10L −
∫
k13Le10L] (4.119)

UY L =
mQL

U1L

[e11L − k11L(e12L + k11Le11L)− k12Le12L −
∫
k14Le12L] (4.120)

Where, k13L, k14L denotes positive design constants. Reference trajectories for

ϕ(x1dL) and θ(x3dL) can be derived as given below: Let:

rϕ = e9L − k9L(e10L + k9Le9L)− k10Le10L (4.121)

rθ = e11L − k11L(e12L + k11Le11L)− k12Le12L (4.122)

Modified Eq. 4.117 and 4.118 can be written as:
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UXL = −mQL

U1L

rϕ (4.123)

UY L = −mQL

U1L

rθ (4.124)

Rearranging and putting values of UXL and UY L from Eq. 4.113 and 4.114:

[sinx5L sinx1L + cosx5L sinx3L cosx1L]
U1L

mQL

+ rϕ = 0 (4.125)

[− cosx5L sinx1L + sinx5L sinx3L cosx1L]
U1L

mQL

+ rθ = 0 (4.126)

Multiplying Eq. 4.125 with rθ and Eq. 4.126 with rϕ, then the difference between

the obtained equations leads to the following expression:

sinx1L[UY L sinx5L + UXL cosx5L] = cos x1L sinx3L[UXL sinx5L − UY L cosx5L]

(4.127)

Multiplying Eq. 4.113 with cos x5L and Eq. 4.114 with sinx5L, then the sum of

the equations obtained gives the following expression:

UXL cosx5L + UY L sinx5L = sinx3L cosx1L[cosx5L
2 + sinx5L

2] (4.128)

x3L = sin−1

[
UXL cosx5L + UY L sinx5L

cosx1L

]
(4.129)

Putting Eq. 4.129 into 4.127 yields to the following expression:

x1L = sin−1 [UXL sinx5L − UY L cosx5L] (4.130)
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4.2.2 Followers UAV Control Formulation

As the reference position trajectories are generated by Eq. 3.27 and 3.28 then

governed by the formation controller mentioned in Eq. 4.56 and 4.57. The rest of

the followers’ UAVs controllers have the same derivation and analysis as same as

leader UAVs. Simplified final control laws, errors, position, altitude, and attitude

controllers for followers UAVs are shown below:

U2f =
1

d1f
[e1f − x4fx6fc1f − x4fc2fΩrf − c1f (e2f + k1fe1f )− k2fe2f ] (4.131)

U3f =
1

d2f
[e3f − x2fx6fc3f − x2fc4fΩrf − c3f (e4f + k3fe3f )− k4fe4f ] (4.132)

U4f =
1

d3f
[e5f − x2fx4fc5f − c5f (e6f + k5fe5f )− k6fe6f ] (4.133)

U1f =
mQf

cosx3f cosx1f
[−e7f + g + k7f (e8f + k7fe7f ) + k8fe8f ] (4.134)

UXf =
mQf

U1f

[e9f − k9f (e10f + k9fe9f )− k10fe10f −
∫
k13fe10f ] (4.135)

UY f =
mQf

U1f

[e11f − k11f (e12f + k11fe11f )− k12fe12f −
∫
k14fe12f ] (4.136)

x3f = sin−1

[
UXf cosx5f + UY f sinx5f

cosx1f

]
(4.137)

x1f = sin−1 [UXf sinx5f − UY f cosx5f ] (4.138)
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Where, f = [F1, F2] as F1 and F2 represents the ifollower 1 and ifollower 2 UAVs

respectively. Also e1f = x1df − x1f , e2f = x2f − ˙x1df − k1fe1f ; e3f = x3df − x3f ,

e4f = x4f− ˙x3df−k3fe3f ; e5f = x5df−x5f , e6f = x6f− ˙x5df−k5fe5f ; e7f = x7df−x7f ,

e8f = x8f − ˙x7df − k7fe7f . Also k1f , k2f , k3f , k4f , k5f , k6f , k7f , k8f , k9f , k10f , k11f ,

k12f , k13f , k14f represents the ipositive design constants. The reference

4.3 Summary

It can be difficult to create a controller for a system that is under-actuated and

compensates for disturbances. This chapter provides a full explanation of the

design of the proposed controllers needed to manage the altitude, attitude, and

position of the leader and followers UAVs. One approach to designing a con-

troller for an under-actuated quad-copter is to use a back-stepping method. This

approach involves using a recursive design process to design a controller for each

subsystem of the quad-copter, starting with the outermost subsystem and working

inward. At first, a controller is designed to control the attitude of the quad-copter

by using the propeller speeds as inputs. Then, a controller is designed to control

the angular velocity by using the attitude controller and the propeller speeds as

inputs. And finally, a controller for the position of the quad-copter is designed by

using the attitude and angular velocity controllers as well as the propeller speeds

as inputs. Another approach to control under-actuated quad-copter is using the

sliding mode control. This method uses a control law that guarantees that the

system states remain within a small neighborhood of the desired equilibrium point,

known as the sliding surface. In any case, both approaches require precise knowl-

edge of the dynamics of the quad-copter and advanced control techniques such

as Lyapunov stability analysis and nonlinear control. Moreover, The formation

controller has also been described in depth for the leader-follower configuration.



Chapter 5

Results and Discussions

In this section, the proposed iBackstepping, Integral Backstepping, and ASTSMC

controllers are tested for the multiple quad-copters system. Since UAVs are

iidentical, the UAV parameters of the leader and follower UAVs are identical

and are given in Table. 5.1. ASTSMC control iparameters for the ileader and

ifollowers UAVi are homogeneous and are igiven in the iTable. 5.2. Similarly, In-

tegral ibackstepping control parameters are also identical and are given in Table.

5.3. Formation control loop parameters and parametric iuncertainties are chosen

as follows: λF1 = λF2 =


1.5

1.5

0.5

, η1F1 = η1F2 =


0.1

0.1

0.075

, η2F1 = η2F2 =


0.05

0.05

0.02

;
a1i = 2.5a1i, a2i = 2.5a2i, a3i = 2.5a3i, a4i = 2.5a4i, a5i = 2.5a5i, b1i = 1.75b1i,

b2i = 1.75b2i, b3i = 1.75b3i. Reference icommand and itrajectories for the ileader

UAVi are idefined as ifollows: XdL = sin t, YdL = cos t and ZdL = t. As it is

assumed that idisturbance would only be applied on the iX and iY dynamics of

the leader UAV and would be same for the rest of the followers UAVs. External

iacceleration disturbance applied on iX and iY dynamics are shown at Fig. 5.1.

Fig. 5.2 shows the iapplied external acceleration idisturbance on the leader follower

UAV trajectory tracking. Fig. 5.3-5.6 shows the clear picture of the Fig. 5.2

reference trajectory tracking in 2D plane separately of each UAV. Fig. 5.6 shows

the combined 2D plane view of the leader-followers reference tracking under wind

45
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Figure 5.1: External acceleration disturbance applied on iX and iY dynamics

Table 5.1: UAV Parameters for the Leader-Followers configuration

Representation Numerical Value Unit
mQL = mF1 = mF2 0.65 kg
lL = lF1 = lF2 0.23 m
JrL = JF1 = JF2 6.5x10−5 kg.m2

IxL = IxF1 = IxF2 7.5x10−3 Ns2rad−1

IyL = IyF1 = IyF2 7.5x10−3 Ns2rad−1

IzL = IzF1 = IzF2 1.3x10−2 Ns2rad−1

Table 5.2: Leader and Followers UAV Control parameters for all loops using
ASTSMC

Key Parameters Numerical Value Key Parameters Numerical Value
k1i 200 k2i 1
ks1 70 ks2 15
k3i 200 k4i 1
ks3 50 ks4 10
k5 95 k6 1
ks5 4.6 ks6 0.5
k7i 97 k8i 1
ks7 300 ks8 1.5
k9 60 k10 1000
ks9 2.5 ks10 180
k11i 60 k12 1000
ks11 2.5 ks12 5
η1 1.5 η2 2.5
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Table 5.3: Leader and Followers UAV Control parameters for all loops using
Integral Backstepping Controller

Parameter Value Parameter Value
k1 5 k2 5
k3 5 k4 5
k5 2 k6 2
k7 5 k8 4
k9 5 k10 4
k11 5 k12 4
k13 10 k14 10

Figure 5.2: Trajectory tracking of XY Z under wind disturbance
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Figure 5.3: Trajectory tracking of Leader XY under wind disturbance

disturbances. From the outcome, it is cease that in the existence of external

disturbances, the Integral ibackstepping controller ensures robust behavior with

great performance, as the ASTSMC controller also shows good performance little

slow as compared to Integral backstepping, while steady-state error is observed

in a simple ibackstepping controller in the iX and iY dynamics in the itrajectory

itracking icharacteristics of the ileader and ifollowers’ iUAVs.

More idetailed idifferentiation of the UAV itrajectory itracking icharacteristics

of the preceding follower. The trajectories of X and Y are shown in Fig. 5.7

and 5.8 for the leader UAV. From Fig. 5.7, after idisturbance iintroduced at

it = 15s, the tracking error eXL is 0.15m with the isimple ibackstepping icontroller,

0.14m with iASTSMC, and 0.069m with integral ibackstepping controller. As inte-

grali backstepping ensures robustness and the lowest error. furthermore, suitable

icompensation was added by adaptive term DXL of ASTSMC to neutralize the

external disturbance by switching to -80.
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Figure 5.4: Trajectory tracking of Follower 1 XY under wind disturbance

Figure 5.5: Trajectory tracking of Follower 2 XY under wind disturbance
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Figure 5.6: Trajectory tracking of Leader-Followers XY under wind distur-
bance

Similarly from Fig. 5.8, the eY L tracking error is 0.12m with simple backstep-

ping controller, 0.042m with ASTSMC, and 0.039m with integral backstepping

controller. As integral backstepping ensures robustness and the lowest error. fur-

thermore, suitable compensation was added by adaptive term DY L of ASTSMC

to neutralize the external disturbance by switching to -100. Similarly, for ifollower

1 and ifollower 2 the iX and iY trajectories with respect to time, errors, and

adaptive terms are irepresented in Fig. 5.9-5.12.

Fig. 5.13 and 5.14 shows iθ and iϕ tracking performance for leader and follower

UAVs with iASTSMC, simple ibackstepping and integral backstepping controller

respectively. From the outcome and iexternal disturbance applied at t = 15s, it is

cease that the iproposed integral backstepping controller shows better performance

at tracking the desired iθ and iϕ reference commands. Furthermore, Fig. 5.15

and 5.16 shows the idissimilarity betweeni θ and iϕ in correspondence with their

generated reference and commands using ASTSMC, simple ibackstepping, and

integral ibackstepping controllers. From this outcome, it is apparent that this
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Figure 5.7: Trajectory tracking of XLeader under wind disturbance

Figure 5.8: Trajectory tracking of YLeader under wind disturbance
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Figure 5.9: Trajectory tracking of XFollower1 under wind disturbance

Figure 5.10: Trajectory tracking of YFollower1 under wind disturbance
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Figure 5.11: Trajectory tracking of XFollower2 under wind disturbance

Figure 5.12: Trajectory tracking of YFollower2 under wind disturbance
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Figure 5.13: Tracking comparison of θ under wind disturbance

proposed integral backstepping controller produces suitable reference commands

for θ and ϕ for the required leader and follower UAVs.

For leader and followers’ UAVs, on ψ and Z loops since there are no external distur-

bances applied, their behavior with each controller is almost the same as presented

in Fig. 5.17 and 5.18. Fig. 5.19 shows the iformation controller irobustness for

tracking the ireference icommands in the iX and iY plane of the ifollowers’ UAVs.

Required idistance is explicitly sustainedi between the followers’ UAVs and itheir

irespective leader UAV from this outcome, beside the transient errors.

Finally, Fig. 5.20 represents the proposed control scheme inputs simulation results.

For a clear view of the simple and integral backstepping controller, it is separately

represented in Fig. 5.21. From the presented results, it is concluded that the in-

tegral backstepping controller performs greatly without any high-frequency chat-

tering phenomena noticed at the ASTSMC controller, as chattering phenomena

reduce the lifespan of the actuators, also integral backstepping controller shows

great performance with trajectory tracking under wind disturbance. Moreover,
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Figure 5.14: Tracking comparison of ϕ under wind disturbance

Figure 5.15: Difference between desired θ and commanded θ under wind
disturbance
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Figure 5.16: Difference between desired ϕ and commanded ϕ under wind
disturbance

Figure 5.17: Difference between desired Z and commanded Z tracking
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Figure 5.18: Difference between desired ψ and commanded ψ tracking

Figure 5.19: Formation controller tracking
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Figure 5.20: Control inputs of proposed control schemes

Figure 5.21: Control inputs of simple and integral backstepping controller

the virtual X, Y control output represented in Fig.5.13 and 5.14 of the integral

backstepping controller also show no chattering phenomena and great performance

with trajectory tracking under wind disturbances.
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5.1 Summary

The MATLAB Simulink software has been utilised for the simulations, provid-

ing results are explained in great detail in this chapter. The proposed integral

backstepping controller’s robust performance is validated with the least amount

of error in monitoring the intended reference trajectories in all UAV dynamics

under wind disturbance. Additionally, it is demonstrated that the proposed inte-

grated backstepping controller exhibits no chattering in control signals, in contrast

to the ASTSMC, which exhibits increased chattering and shortens the life of the

actuators.



Chapter 6

Conclusion and Future Work

6.1 Conclusion

This thesis presents an integral backstepping controller and a icomparison with

a simple backstepping controller, and ASTSMC controller for trajectory and for-

mation controllers for leader-follower configuration. Parametric uncertainties and

wind disturbance in the form of external acceleration disturbance are applied to

the leader and follower UAVs iX and iY dynamics.

The irobust performance of the proposed icontroller integral backstepping con-

troller is iverified with minimum error in tracking the desired reference trajectories

in all dynamics of the UAV under wind disturbance. It is also presented that the

proposed icontroller integral backstepping controller shows no chattering phenom-

ena in control signals while ASTSMC shows greater chattering phenomena which

reduce the life of the actuators, thus controllers which show chattering phenomena

are not favorably considered idle for the practical life implementation.

Moreover, the formation controllers using the proposed controller’s integral back-

stepping controller accurately maintain the desired distance between the leader

and each follower’s UAV, but the ASTSMC controller exhibits starting transient

error.

60
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6.2 Future Work

Following areas could be focus for future work:

1. Implementation of proposed controllers on real quad-copter hardware.

2. The length of time it takes for sensor data to be acquired, analyzed, and

then used to operate the aircraft is referred to as the sampling delay. This

delay can be caused by a number of variables, including the frequency with

which the sensors are polled, the time required to analyze sensor data, and

communication latency between the multiple quad-copters and the ground

control station. In general, the objective would be to reduce sampling latency

so that the quad-copter responds to inputs as rapidly as feasible. If the

sampling delay is too large, it can lead to unstable or unpredictable flight

behavior.

3. Fault identification, whenever a leader UAV stops working due to any condi-

tion, one of the follower UAV take becomes the leader and other UAVs start

following that leader in a specific leader-follower configuration.

4. Designing adaptive controller for mass varying UAV for multiple applications
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